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ABSTRACT 

The behaviour of steady state mixed convection boundary layer flow of a nanofluid over a vertical semi-infinite 

flat plate has been investigated numerically for both buoyancy assisting and buoyancy opposing flows. 

Copper(Cu)–Water nanofluid has been taken with varying sizes of volume fraction such as, 0%, 1%, 5% and 

8% of Cu nanoparticles. The governing partial differential equations (PDEs)are transformed to a new co-

ordinate system ( ) to facilitate the numerical calculations.The local similarity method has been usedfor 

approximating the transformed equations, which reduces into a set of nonlinear ODEs for a fixed .Then quasi-

linearization method has been used to linearize these nonlinear equations. The linearized equations have been 

integrated by using implicit trapezoidal rule along with principle of superposition. The effects ofRichardson 

numberon velocity, temperature as well as on the skin-friction coefficient and local Nusselt number for different 

volume fraction of Cu nanoparticle have been studied.It has been observed that the volume fraction  enhances 

heat transfer more significantly for buoyancy assisting flow and delay the separation for opposing flow. 

 

Keywords: Boundary Layer Flow, Local Similarity Solution, Mixed Convection, Nanofluid, 

Quasilinearization. 

I.  INTRODUCTION 

 

Nanofluids, a new class of heat transfer fluids represent a rapidly emerging field where the thermal engineering 

and nanotechnology meet. Formation of nanofluids are made by suspending stable nanoparticles into base fluid 

which are usually taken as liquid. The volumetric fraction of nanoparticles is usually taken below 5%-10%. 

Nanotechnology based heat transfer are found industrial cooling energy storage, solar absorption, friction 

reduction, entropy generation and so on as mentioned by Saha and Paul [1]. Hence, the progression of research 

in nanofluid based heat transfer has many thermal application where conventional heat transfer fluid such as 

water, engine oil, ethylene glycol are not much effective for improving the rate of heat transfer as expected. 

Choi [2], first proposed the method that the addition of nanometre size particles into the base fluid helps to 

increase the rate of heat transfer in nanofluid.The enhancement of heat transfer through nanofluid has attracted 

many researchers such as Maïga et al [3], Tiwari and Das [4], Abu-Nada [5], Nield and Kuznetsov[6]. The 

number of experimental works have been constantly increasing since 1993, but very few works are found on 

numerical studies of nanofluids as mentioned by Daset al, [7]. The heat transfer enhancement using nanofluids 
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may be affected by several factors such as the Brownian motion, layering at the solid or liquid interface, 

nanoparticle clustering and the friction between the fluid and the solid particles etc., [8].  The lack of 

understanding of the basic mechanism of energy transport at nanoscale makes the published works on 

nanofluids extremely case dependent. Numerical works aimed at basic understandingare randomly scattered in 

the literature. The recent published papers by Ghosh et al. [9], Zhang et al. [10]etc., simplify the physics of 

nanofluids. However, it is difficult to describe all these phenomena mathematically. 

To understand the transport process, boundary layer flow is one of the most important concept. In the literature 

of boundary layer flow,the idea of separation in mixed convection flow was first studied by Merkin [11] whilehe 

examined the effect of buoyancy forces in the direction as well as in the opposite direction of flow for mixed 

convection boundary layer on a semi-infinite vertical plate. Wilks [12], Hunt and Wilks [13] have studied 

further the similar problem by considering that flat plate heated at a constant heat flux rate. Chen and Mucoglu 

[14] have investigated the effects of mixed convection along a vertical cylinder. They have used both local 

similarity and local non-similarity method and for integration they have used Runge-Kutta scheme. However, 

they have taken Pr= 0.7 and have done numerical computations only for buoyancy assisting flow. Further, 

Mahmood and Merkin [15] have solved this problem using an implicit finite difference scheme.  Grosan and 

Pop [16] have studied the axisymmetric mixed convection boundary layer flow past a vertical cylinder for 

nanofluid.They have used similarity solution for transformation and used bvp4c function from Matlab for 

numerical calculations.Tamim et al.[17] have studied the mixed convection boundary layer flow of a nanofluid 

near a stagnation-point on a vertical platefor both buoyancy assisting and opposing flows. They have also used 

similarity solution but for numerical solution they have used fourth order Runge-Kutta scheme along with 

shooting technique. However, in both the studies, they have takenPr = 6.2.For high Prandlt number the system 

of equations behave as stiff differential equations andthe explicit methods have their limitation. In the present 

study, we have considered mixed convection boundary layer flow over a vertical flat plate for Cu-water 

nanofluid.We have used local similarity method for approximating nonlinear PDEs and quasi-linearization 

method linearizing these nonlinear equations. Then implicit trapezoidal rule has been used for integrating the 

equations along with principle of superposition. 

 

II. MATHEMATICAL FORMULATION  

 

We have considered a two-dimensional,steady, incompressiblemixed convection boundary layer flow over a 

vertical semi-infinite flat plate for nanofluid, assuming that nanofluids are Newtonian, nanoparticles have a 

uniform size and shape and are well dispersed within the base fluid. The base fluid and nanoparticles are in 

thermal equilibrium. The density variation due to buoyancy effects is taken into account in the momentum 

equation (Boussinesq approximation). The continuity, momentum, and energy equations describing the flow can 

be written as: 

(1) 

(2)                                            
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(3) 

with the boundary conditions  

= (4) 

Here x is along and y is normal to the plate and the velocity components u and v are along x and y respectively, 

T is the temperature,  and are the thermal expansion coefficients of the base fluid and nanoparticles 

respectively,  is the viscosity of the nanofluid, and  is the thermal diffusivity of the nanofluid and  is 

the density of the nanofluid, which are given by [4]: 

 

, where and are the thermal conductivity for 

nanofluid and base fluid respectively.(5) 

Introducing new variables and a stream function  and temperature  as 

(6) 

where   and  

Equations (1)–(3) with the above transformation reduces to 

(7) 

(8) 

With the boundary condition,    

, for all values of ξ.          (9) 

(where prime denotes differentiation with respect to  for all ) 

Here Ri = isthe Richardson number, is local Grashof number, 

 islocal Reynolds number and is the Prandlt number. 

The coupled nonlinear partial differential equations (7) and (8) are of parabolic type and the solution of these 

equations are tedious and difficult. For simplicity, we have used local similarity method [18]. According to local 

similarity methodfor small values of the equations (7) and (8) reduce to 

 (10) 
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 (11) 

The above equations are, further, linearized using quasi-linearization process [19] around a nominal solution. 

The nominal solution satisfies the boundary conditions (9). The linearized equations have been integrated by 

using implicit trapezoidal rule along with principle of superposition.  

Skin friction coefficient (  

Skin friction coefficient ( defined as: 

 here, the wall shear stress. 

The skin friction coefficient  can be written as follows: (12) 

Local Nusselt number ( : Thelocal Nusselt number ( defined as: 

= , where h is the heat transfer coefficient andcan be represented as follows: 

 (13) 

 

III. RESULTS AND DISCUSSION 

 

In this study, numerical calculations have been carried out for different Richardson number Ri and different 

volume fractions  for the fixed Prandlt numberPr=13.31. Ri=0corresponds to a forced convection and Ri ≠ 0 

for a mixed convection flows. The thermo physical properties of the base fluid and the nanoparticles are taken 

from [1].Fig.1shows the effects of different volume fractions on the velocity profiles corresponding to Ri=1 

for pure forced convection (ξ=0).It has been observed that the velocity increasesvery slowly with the increase 

in .However, with the increase in the values  and ξ, the increase in velocity is more significant (Fig.2 and 

Fig.3). For buoyancy opposing flows, the volume fraction  has not much effect on velocity profiles (Fig.4). It 

is seen from the Fig.5 that for a fixed , the velocity increases very fast as ξ increases for Ri=1 and it decreases 

with the increase of ξ as shown in Fig.6 for Ri=-1.  
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Fig.7 represents the temperature profiles for different values in  for ξ=0 and Ri=1. It may be clearly observed 

that  has no significant effect on the temperature profiles. Further, it is seen from the Fig.8 and Fig.9 that there 

is notmuch effect of  on temperature for buoyance induced assisting flows for ξ=0.5 and 1 It also may be noted 

that  has not much effect on temperature profiles for buoyancy effect opposing flow (Fig.10).However, it is 

seen from the Fig.11 that the thermal boundary layer thickness decreases for buoyancy assisting flow with the 

increase of ξ. Further, it increases for buoyancy opposing flow with the increase of ξ with a fixed 𝜑 (Fig.12) 
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For further understanding the effect of  on momentum and heat transfer, it is necessary to study the variation 

of skin friction coefficient and local Nusselt number From Table 1, it can be seen that with the increase 

in   increases for fixed ξ.Further, it increases with the increase in ξ for fixed . Again, from the Table 2, it 

has been observed that with the increase in is increases for fixed ξ but, for a fixed decreases for 

buoyancy opposing flow.Thus, local skin friction coefficient increases for both buoyancy assisting and 

buoyancy opposing flows with the increase in  . However, with the increase of ξ,it is decreasing for buoyancy 

opposing flow. 

 

 

 

 

 

 

 

 

From the Table 3, it is noted that with the increase in , is increasesfor a fixed ξ and also for a fixed it 

increaseswith the increase inξfor buoyancy assisting flow. Further, from the Table 4, it is observed thatfor a 

fixed ξ with the increase in  increases.However, it got decreased with the increase inξ,for a fixed  for 

buoyancy opposing flow. 

Table 4: The effect of different volume fraction φ                   

on the local Nussalt number for Ri=-1 and different ξ 

 

ξ=0 ξ=0.5 ξ=1 

0 0.672271 1.252078 1.741897 

0.01 0.705455 1.330373 1.856713 

0.05 0.840602 1.650077 2.325639 

0.08 0.945258 1.899155 2.691319 

 

Table 1: The effect of different volume fraction φ 

skin friction coefficient for Ri=1 and different ξ. 
 

 
 

ξ=0.05 ξ=0.1 ξ=0.2 

0 0.604926 0.534699 0.382717 

0.01 0.632557 0.556403 0.390881 

0.05 0.744867 0.644250 0.422174 

0.08 0.831553 0.711611 0.444211 

 

Table 2: The effect of different volume fraction φ on 

skin friction coefficient for Ri=-1 and different ξ 
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Table3: The effect of different volume fraction φ on 

thelocalNussalt number, for Ri=1 and different ξ 

 

IV. CONCLUSIONS 

In this work,mixed convection boundary layer flow over a semi-infinite vertical flat plate has been 

considered.Studies in the effects of different volume fraction of nanoparticles on velocity andtemperature 

profiles as well as on the skin friction coefficient and local Nusselt number has been carried out. Based on the 

numerical results,following conclusions can bemade and summarised as follows: 

 With the increase in  , velocity increases for both buoyance induced assisting and opposing flows. 

However, the rate of increase is slower for opposing flow. 

 The temperature reduces for both buoyance induced assisting and opposing flows. However, there is no 

such significant effect of  on the temperature distributions. 

 With the increase in , the skin friction coefficient increases for both buoyancy assisting and opposing 

flows. This behaviour implies that nanofluids delay the point of separation for opposing flows. 

 The local Nussalt number also increases for both the flows with the increase in However, in case of 

opposing flow it decreases with increasing .  

Hence, the presence of nanoparticles enhances heat transfer process and for buoyancy opposing flows it delays 

the point of separation. 

Nomenclature 

      

         = Skin friction coefficient 

  

 = New variable depend on x 

g = Acceleration due to gravity 

  

η = Pseudo-similarity variable 

k = Thermal conductivity 

  

θ = Dimensionless temperature 

= Local Nusselt number 

  

μ = Dynamic viscosity 

 = Local Grashof number 

  

 = Kinematic viscosity 

= Local Reynolds number 

  

ρ = Fluid density 

 Pr = Prandtl number 

   

 = Wall shear stress 

 = Surface temperature 

  

ψ = Stream function 

  = Ambient temperature     

Ri =  Mixed convection parameter   Superscripts:  

= Free stream velocity   

= Differentiation with 

respect to η  

 

ξ=0 ξ=0.5 ξ=1 

0 0.805001 0.924304 1.005212 

0.01 0.826813 0.952111 1.036462 

0.05 0.912381 1.060288 1.157622 

0.08 0.975227 1.139167 1.245705 

 

 

ξ=0.05       ξ=0.1 ξ=0.2 

0 0.788629 0.770788 0.729015 

0.01 0.809466 0.790497 0.745719 

0.05 0.891316 0.868009 0.811391 

0.08 0.951495 0.925050 0.859602 
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= Dimensionless stream function     

∅ = Nanoparticle volume fraction   Subscripts:  

   

 = Condition at the surface 

of the plate  

Greek symbols:    = Ambient condition  

α = Thermal diffusivity    = Fluid  

β = Thermal expansion coefficient    = Nanofluid  

    = Solid  
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