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ABSTRACT 

Knapsack Problems are crucial for decision making and enable efficient allocation of resources under 

uncertainty. If a knapsack of specific capacity and certain set of items are given with a mass and value then 

Knapsack Problem considers determining the number of each item to be included so that the total weight is less 

than or equal to the given limit and the total value is maximized. In general, the problem faced during allocation 

of resources where knapsack can be considered as the amount of resource to be allocated and the items as the 

activities to which the resource can be allocated is Knapsack Problem. This paper introduces various types of 

Knapsack Problem including 0-1 Knapsack Problem, Bounded Knapsack Problem, Unbounded Knapsack 

Problem, Multiple Choice Knapsack Problem, Subset Sum Problem, Multiple Knapsack Problem and various 

solutions to them by Brute Force, Dynamic Programming, and Greedy Algorithm. This paper also introduces 

the current developing area implementing Knapsack Problem, i.e Genetic Algorithm. Genetic Algorithm is 

widely used in Artificial Intelligence and guarantees dynamic property of element. Time Complexity of various 

algorithms are compared based on their programming implementations.  
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I. INTRODUCTION 

Allocation of resources under uncertainty is a very common problem in many real-world scenarios. 

The knapsack problem is one of the most studied problems in combinatorial optimization, with many real-life 

applications. The knapsack problem or rucksack problem is a problem in combinatorial optimization: Given a 

set of items, each with a mass and a value, determine the number of each item to include in a collection so that 

the total weight is less than or equal to a given limit and the total value is as large as possible. It derives its name 

from the problem faced by someone who is constrained by a fixed-size knapsack and must fill it with the most 

valuable items. 

The problem often arises in resource allocation where there are financial constraints and is studied in fields such 

as combinatorics, computer science, complexity theory, cryptography and applied mathematics. 

 

II. MOTIVATION 

Knapsack Problem finds various applications in the field of network security, cryptography and Artificial 

Intelligence. As I am keenly interested in the mentioned fields, Knapsack Problem's study, implementation and 

application to practical scenarios has truly motivated me. 

http://en.wikipedia.org/wiki/Knapsack_problem
http://en.wikipedia.org/wiki/Combinatorial_optimization
http://en.wikipedia.org/wiki/Combinatorial_optimization
http://en.wikipedia.org/wiki/Knapsack
http://en.wikipedia.org/wiki/Resource_allocation
http://en.wikipedia.org/wiki/Combinatorics
http://en.wikipedia.org/wiki/Computer_science
http://en.wikipedia.org/wiki/Computational_complexity_theory
http://en.wikipedia.org/wiki/Cryptography
http://en.wikipedia.org/wiki/Applied_mathematics
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III. KNAPSACK PROBLEM 

The knapsack problem or rucksack problem is a problem in combinatorial optimization: Given a set of items, 

each with a mass and a value, determine the number of each item to include in a collection so that the total 

weight is less than or equal to a given limit and the total value is as large as possible. It derives its name from 

the problem faced by someone who is constrained by a fixed-size knapsack and must fill it with the most 

valuable items. 

A large variety of resources allocation problem can be cast in the framework of a knapsack problem. The 

general idea is to think of the capacity of the knapsack as the available amount of a resource and the item types 

as activities to which this resource can be allocated. Two examples are the allocation of an      advertising budget 

to the promotions of individual products and the allocation of one's effort to the preparation of final exams in 

different subjects. 

IV. TYPES OF KNAPSACK PROBLEM 

A)  0-1 Knapsack Problem 

The 0-1 Knapsack Problem is the problem of choosing a subset of the n items such that the corresponding profit 

sum is maximized without having the weight sum to exceed the capacity c. 

The Linear Programming Problem for 0-1 Knapsack Problem or the knapsack problem in its most basic form: 

Maximize           

 

 

subject 

to 

 

 

 
 

       

B) Bounded Knapsack Problem 

One common variant is that each item can be chosen multiple times. The bounded knapsack problem specifies, 

for each item j, an upper bound uj (which may be a positive integer, or infinity) on the number of times 

item j can be selected: 

maximize  
 

;subject to 

 

 

 

       integral 

for all j  

 

http://en.wikipedia.org/wiki/Combinatorial_optimization
http://en.wikipedia.org/wiki/Knapsack
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C) Unbounded Knapsack Problem 

The unbounded knapsack problem (sometimes called the integer knapsack problem) does not put any upper 

bounds on the number of times an item may be selected: 

maximize  
 

subject to 

 

 

 
      integral for all j 

 

D) Multiple Choice Knapsack Problem 

If the items are subdivided into k classes denoted , and exactly one item must be taken from each class, we 

get the multiple-choice knapsack problem: 

maximize  
 

subject to 

 

 

 
 

for all  

  

for all  and all  

E) Subset Sum Problem 

If for each item the profits and weights are identical, we get the subset sum problem (often the 

corresponding decision problem is given instead): 

maximize  
 

subject to 

 

 

   
F) Multiple Knapsack Problem 

If we have n items and m knapsacks with capacities , we get the multiple knapsack problem: 

maximize  
 

http://en.wikipedia.org/wiki/Subset_sum_problem
http://en.wikipedia.org/wiki/Decision_problem
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subject to 

 

for all  

 
 

for all  

  

for all  and all  

V.  SOLUTIONS TO KNAPSACK PROBLEM 

Knapsack Problems can be represented linearly as well as in quadratic form. As we know that Simplex method 

can be used to find solution of Linear Programming Problem, we might speculate its application here. But this is 

not the case. Simplex Method cannot be applied to Knapsack Problems as the xj are integers, this is not an 

ordinary linear problem but rather an integer program. 

A)  Brute Force 

Brute force is a straightforward approach to solving a problem, usually directly based on the problem’s 

statement and definitions of the concepts involved. If there are n items to choose from, then there will be 2
n 

possible combinations of items for the knapsack. An item is either chosen or not chosen. A bit string of 0’s and 

1’s is generated which is of length n. If the i
th 

symbol of a bit string is 0, then the i
th 

item is not chosen and if it is 

1, the i
th 

item is chosen. 

B)  Dynamic Programming 

Dynamic Programming involves solving each subproblem once and storing the result in an array. 

1) Algorithm 

Here, lets demonstrate the use of dynamic programming to solve 0-1 knapsack problem. 

Assume w1,w2,...W are strictly positive integers. Define m[i,w] to be the maximum value that can be attained 

with weight less than or equal to  using items up to i. 

We can define m[i,w] recursively as follows: 

 m[i,w]=m[i-1,w] if wi > W (the new item is more than the current weight limit) 

 m[i,w] = max(m[i-1,w], m[i-1,W-Wi] + vi)  if wi < W. 

The solution can then be found by calculating m[n,W]. To do this efficiently we can use a table to store previous 

computations. 

The following is pseudo code for the dynamic program: 

// Input: 

// Values (stored in array v) 

// Weights (stored in array w) 

// Number of distinct items (n) 

// Knapsack capacity (W) 

for w from 0 to W do 

  m[0, w] := 0 
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end for  

for i from 1 to n do 

  for j from 0 to W do 

    if j >= w[i] then 

      m[i, j] := max(m[i-1, j], m[i-1, j-w[i]] + v[i]) 

    else 

      m[i, j] := m[i-1, j] 

    end if 

  end for 

end for 

C) Greedy Algorithm 

George Dantzig proposed a greedy approximation algorithm to solve the unbounded knapsack problem. His 

version sorts the items in decreasing order of value per unit of weight, vi / wi. It then proceeds to insert them into 

the sack, starting with as many copies as possible of the first kind of item until there is no longer space in the 

sack for more. Provided that there is an unlimited supply of each kind of item, if m is the maximum value of 

items that fit into the sack, then the greedy algorithm is guaranteed to achieve at least a value of m/2. However, 

for the bounded problem, where the supply of each kind of item is limited, the algorithm may be far from 

optimal. 

This greedy algorithm can be of particular use in gaming situations where the player has picked up too many 

items and must now discard items. This is kind of solving the knapsack problem in reverse because you decide 

what to discard rather than what to keep, but the principle is the same. Sort the items by value per unit weight 

and then throw away the least valued items until the desired weight is met and movement penalties are removed. 

This algorithm does not give optimal solution for 0-1 knapsack problem but gives optimal solution for Bounded 

and Unbounded Knapsack Problem.  

D) Fully Polynomial Time Approximation Scheme (PTAS) 

A polynomial-time approximation scheme (PTAS) is a type of approximation algorithm for optimization 

problems (most often, NP-hard optimization problems). 

A PTAS is an algorithm which takes an instance of an optimization problem and a parameter ε > 0 and, in 

polynomial time, produces a solution that is within a factor 1 + ε of being optimal (or 1 - ε for maximization 

problems). For example, for the Euclidean traveling salesman problem, a PTAS would produce a tour with 

length at most (1 + ε)L, with L being the length of the shortest tour. 

The fully polynomial-time approximation scheme or FPTAS requires the algorithm to be polynomial in both the 

problem size n and 1/ε. All problems in FPTAS are fixed-parameter tractable.  

Knapsack Problem is FPTAS problem. 

E) Genetic Algorithm  

Genetic Algorithm is based on the idea of the survival of the fittest i.e better and better solutions evolve from 

previous generations until a near optimal solution is obtained. 

http://en.wikipedia.org/wiki/George_Dantzig
http://en.wikipedia.org/wiki/Greedy_algorithm
http://en.wikipedia.org/wiki/Approximation_algorithm
http://en.wikipedia.org/wiki/Approximation_algorithm
http://en.wikipedia.org/wiki/Optimization_problem
http://en.wikipedia.org/wiki/Optimization_problem
http://en.wikipedia.org/wiki/Optimization_problem
http://en.wikipedia.org/wiki/NP-hard
http://en.wikipedia.org/wiki/Traveling_salesman_problem
http://en.wikipedia.org/wiki/Fixed-parameter_tractable
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They are often used to improve the performance of other AI methods and so is finding wide applications in 

various fields associated with AI. 

1) Algorithm: 

1. Start 

 (Encoding, Generate random population of n chromosomes.) 

2.  Evaluation of fitness of each chromosome 

3. New Population  

   (Repeat following steps) 

4. Selection 

5. Crossover 

6. Mutation 

7. Accepting 

8. Replace  

9. Test  

10.  Go to step 2 

Genetic Algorithm is non deterministic i.e two runs may yield different results. It does not indicate whether the 

answer obtained is optimal or not. 

VI. PRACTICAL IMPLEMENTATION 

Consider the following C program implementing Knapsack Problem: 

// Knapsack Problem 

#include<stdio.h> 

#include<conio.h> 

int w[10],p[10],v[10][10],n,i,j,cap,x[10]={0}; 

int max(int i,int j) 

{ 

 return ((i>j)?i:j); 

} 

int knap(int i,int j) 

{ 

int value; 

if(v[i][j]<0) 

{ 

if(j<w[i]) 

value=knap(i-1,j); 

else 

value=max(knap(i-1,j),p[i]+knap(i-1,j-w[i])); 

v[i][j]=value; 

} 
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return(v[i][j]); 

} 

 

void main() 

{ 

int profit,count=0; 

clrscr(); 

// Taking input from user 

printf("Enter the number of items : "); 

scanf("%d",&n); 

printf("Enter the profit and weights of the item\n"); 

for(i=1;i<=n;i++) 

{ 

printf("Item no %d\n",i); 

scanf("%d%d",&p[i],&w[i]); 

} 

printf("\nEnter the capacity of knapsack :"); 

scanf("%d",&cap); 

 

   for(i=0;i<=n;i++) 

    { 

     for(j=0;j<=cap;j++) 

      { 

 if((i==0)||(j==0)) 

     v[i][j]=0; 

 else 

    v[i][j]=-1; 

      } 

    } 

 profit=knap(n,cap); 

 i=n; 

 j=cap; 

    while(j!=0&&i!=0) 

     { 

       if(v[i][j]!=v[i-1][j]) 

 { 

   x[i]=1; 

   j=j-w[i]; 
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   i--; 

 } 

       else 

  i--; 

     } 

printf("Items included in knapsack are : \n"); 

printf("Item \tweight\tprofit\n"); 

for(i=1;i<=n;i++) 

if(x[i]) 

printf("%d\t%d\t%d\n",++count,w[i],p[i]); 

printf("Total profit = %d\n",profit); 

getch(); 

} 

VII. TIME COMPLEXITY 

Time Complexities for various algorithms used is given as below: 

Table 1. Time Complexity Analysis 

Algorithm Time Complexity 

Brute Force Attack O(2
n
) 

Dynamic Programming O(n*W) 

Greedy Algorithm O(nlogn) 
 

Sensitivity Analysis of Knapsack Problem states that even though any algorithm that can solve instances of 0-1 

knapsack problems can solve instances of subset sum problems, we cannot design an algorithm for sensitivity 

analysis of any one of these problems that can be easily modified to perform sensitivity analysis of the other. 

 

VIII. APPLICATIONS 

Knapsack Problem finds wide application in almost all domains. It has enhanced the efficiency of various 

existing technologies. 

 Cryptography 

 Merkle-Hellman knapsack cryptosystem is based on subset sum problem. 

 The problem is as follows: given a set of numbers A and a number B, find the subset of A, which sums to B.  

 Network Security 

Security is always going to be the crucial area in all developments. Knapsack Problem can help to develop better 

systems. eg. Decision making as to which route is to be excluded to avoid a network breach. 

 Artificial Intelligence 

     Genetic Algorithm finds wide application here. 
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IX. CONCLUSION 

Knapsack Problem covers a wide domain of real life applications. The Genetic Algorithm used to solve 

Knapsack Problem has widened the horizon of Artificial Intelligence. Time Complexity of Greedy Algorithm is 

the least but greedy algorithm does not give optimal solution for 0-1 Knapsack Problem. Greedy Algorithm is 

best suited with Bounded and Unbounded Knapsack Problem 
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